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Abstract
Monte Carlo computer simulations are used
to study the conformational free energy of a
folded polymer confined to a long cylindrical
tube. The polymer is modeled as a hard-sphere
chain. Its conformational free energy F is mea-
sured as a function of λ, the end-to-end dis-
tance of the polymer. In the case of a flexi-
ble linear polymer, F (λ) is a linear function in
the folded regime with a gradient that scales
as f ≡ |dF/dλ| ∼ N0D−1.20±0.01 for a tube of
diameter D and a polymer of length N . This
is close to the prediction f ∼ N0D−1 obtained
from simple scaling arguments. The discrep-
ancy is due in part to finite-size effects associ-
ated with the de-Gennes blob model. A sim-
ilar discrepancy was observed for the folding
of a single arm of a three-arm star polymer.
We also examine backfolding of a semiflexible
polymer of persistence length P in the classic
Odijk regime. In the overlap regime, the deriva-
tive scales f ∼ N0D−1.72±0.02P−0.35±0.01, which
is close to the prediction f ∼ N0D−5/3P−1/3
obtained from a scaling argument that treats
interactions between deflection segments at the
second virial level. In addition, the measured
free energy cost of forming a hairpin turn is
quantitatively consistent with a recent theoret-
ical calculation. Finally, we examine the scal-
ing of F (λ) for a confined semiflexible chain
in the presence of an S-loop composed of two
hairpins. While the predicted scaling of the
free energy gradient is the same as that for
a single hairpin, we observe a scaling of f ∼
D−1.91±0.03P−0.36±0.01. Thus, the quantitative
discrepancy between this measurement and the
predicted scaling is somewhat greater for S-
loops than for single hairpins.
Introduction
Recent advances in nanofabrication techniques
have enabled the systematic of study of the
physical behavior of single DNA molecules con-
fined to nanochannels.1,2 These studies are
largely motivated by such diverse applications
as DNA sorting,3 DNA denaturation map-
ping,4,5 and genome mapping,6,7 each of which
exploits the effects of confinement on the DNA
conformational behavior and dynamics. The
development of such applications clearly re-
quires a deep understanding of the physical be-
havior of polymers in nanochannels, and in re-
cent years there has been considerable progress
toward this goal. Much of this progress is due
to the refinement and application of advanced
Monte Carlo simulation techniques such as the
Pruned Enriched Rosenbluth Method (PERM),
which enables the simulation of very long poly-
mer chains.8,9 Such studies have been instru-
mental in characterizing the various conforma-
tional scaling regimes, which are determined by
the degree of confinement in relation to the per-
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sistence and contour lengths of the polymer.1,10
Notable among this work is the confirmation
of the existence of the extended de Gennes
regime11 and the backfolded Odijk regime,12
which each lie between the classic de Gennes13
and Odijk regimes14 upon variation in the con-
fining channel width.
In addition to work characterizing the scal-
ing regimes of polymers confined to nanochan-
nels, some effort has been devoted to eluci-
dating the behavior of confined polymers in
out-of-equilibrium folded states. For example,
using fluorescence imaging techniques Levy et
al.15 examined the behavior of DNA that was
electrophoretically driven into a nanochannel
in a folded state. They quantified the de-
gree of stretching in the overlapping portion of
the molecule and monitored the internal dy-
namics as the DNA unfolded to its equilib-
rium linearly ordered state. In a more recent
study, Alizadehheidari et al.16 examined the
unfolding dynamics of a circular DNA molecule
upon transformation to a linear topology by a
light-induced double-strand break, and in addi-
tion compared the equilibrium conformational
statistics of the linear and circular configura-
tions. These experimental studies have been
complemented by molecular dynamics simula-
tion studies of unfolding of flexible polymer
chains in cylindrical17 and square18 nanochan-
nels, where the unfolding time was determined
to scale as DN2, where D is the channel width
and N is the polymer length.
The tendency for a nanochannel-confined
polymer to unfold arises from the excluded vol-
ume interactions between the portions of the
molecule that overlap along the channel. These
interactions tend to stretch the overlapping re-
gions and significantly reduce the number of
configurations available to the polymer, thus
decreasing its conformational entropy. The re-
sulting gradient in the free energy with respect
to the degree of overlap provides the effective
force that drives the unfolding. This effect is
closely related to the segregation of two ini-
tially overlapping polymers confined to a nar-
row channel, a process that is also driven by the
increase in conformational entropy as polymer
overlap decreases. Such entropy-driven poly-
mer separation is thought to be a factor in the
process of chromosome segregation of replicat-
ing bacteria19,20 and has been extensively stud-
ied using computer simulation methods.19,21–33
Another related process is the arm retraction
and escape transition for channel-confined star
polymers.34
Theoretical analyses of unfolding or segrega-
tion dynamics obtained from simulations typ-
ically employ analytical approximations using
scaling arguments for the conformational free
energy and its variation with the degree of over-
lap along the channel. However, such approxi-
mations are known to suffer from finite-size ef-
fects for the system sizes typically employed in
these simulations.35 For this reason, it is of in-
terest to calculate the free energy functions di-
rectly and quantify any discrepancy with the
theoretical predictions. Recently, we employed
Monte Carlo methods to measure the free en-
ergy functions for segregating polymers in nan-
otubes and examined the scaling of the func-
tions with respect to polymer contour length,
persistence length, and channel dimensions for
both infinite-length and finite-length tubes.33
In the present study, we carry out similar cal-
culations for a single folded polymer confined
to a cylindrical channel. We consider several
different variations of the system. First, we ex-
amine a freely jointed polymer chain similar to
that employed in previous MD studies of un-
folding.17,18 We also study a confined three-arm
star polymer and examine the effect of folding
one of the arms on the conformational free en-
ergy. In this case, the results are relevant to the
dynamics of arm retraction in star polymers,
which was the focus of a recent simulation study
by Milchev et al.36 In addition to fully-flexible
polymers, we also examine semiflexible chains
with hairpin folds. Such systems have been the
subject of much recent study in the context of
the backfolded Odijk regime, for which the per-
sistence length P is of the order of the channel
width D.12,37–39 In the present case, we consider
instead the regime where the condition for the
classic Odijk regime, P ≫ D, is marginally sat-
isfied and, thus, where the presence of a hairpin
clearly represents an out-of-equilibrium state.
We consider both single hairpins and S-loops
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composed of two hairpins. Figure 1 shows sim-
ulation snapshots of the various systems that
were examined in this study. The focus in all
cases is the measurement of the gradient in the
free energy with respect to the degree of internal
overlap along the channel, which determines the
effective force that drives unfolding. The scal-
ing properties of the free energy are compared
with the analytical approximations. While this
work is clearly relevant to previous studies in
which the free energy of nanochannel-confined
polymers was calculated, to our knowledge it is
the first to measure the variation of the free en-
ergy with the degree of internal overlap of the
polymer.
This article is organized as follows. First,
we briefly describe the model employed in
the study, following which we outline the MC
method used to calculate the free energy func-
tions. We then present the main results of the
study, which are interpreted and discussed in
detail. Results for fully flexible linear polymers
and star polymers are presented, followed by
those for semiflexible chains in the presence of
either a single hairpin fold or an S-loop. In the
final section, we summarize the key findings of
this study.
Model
We employ a minimal model to describe a poly-
mer confined to a cylindrical tube. The polymer
is modeled as a chain of hard spheres, each with
diameter σ. The pair potential for non-bonded
monomers is thus unb(r) = ∞ for r ≤ σ and
unb(r) = 0 for r > σ, where r is the distance
between the centers of the monomers. Pairs
of bonded monomers interact with a potential
ub(r) = 0 if 0.9σ < r < 1.1σ and ub(r) = ∞,
otherwise. Consequently, the bond length fluc-
tuates slightly about its average value. In ad-
dition to linear polymers, we also consider a
fully flexible three-arm star polymer with arms
of equal length, each connected to one core
monomer. The interactions are all the same
as for the linear polymer case. The polymer is
confined to a hard cylindrical tube of diame-
ter D. Thus, each monomer interacts with the
(a)
(b)
(c)
(d)
Figure 1: Simulation snapshots illustrating the
main systems considered in this study: (a) fully
flexible linear polymer; (b) fully flexible three-
arm star polymer; (c) semi-flexible linear poly-
mer with a hairpin turn; (d) semi-flexible linear
polymer with an S-loop. The images were gen-
erated using VMD.40
wall of the tube with a potential uw(r) = 0 for
r < D and uw(r) =∞ for r > D, where r is the
distance of a monomer from the central axis of
the cylinder. Thus, D is defined to be the di-
ameter of the cylindrical volume accessible to
the centers of the monomers.
Most of the simulations in this study employ
fully flexible polymer chains. However, we also
consider the effects of bending stiffness for lin-
ear polymers. To do this, we employ a bend-
ing potential associated with each consecutive
triplet of monomers. The potential has the
form, ubend(θ) = κ(1−cos θ). The angle θ is de-
fined at monomer i such that cos θi ≡ uˆi · uˆi+1,
where uˆi is a normalized bond vector point-
ing from monomer i − 1 to monomer i. The
bending constant κ determines the stiffness of
the polymer and is related to the persistence
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length P by exp(−〈lbond〉/P ) = coth(κ/kBT )−
kBT/κ. For our model, the mean bond length is
〈lbond〉 ≈ σ. For the large bending stiffness con-
sidered in this study (κ/kBT ≥ 15), this leads
to P/σ ≈ κ/kBT − 0.5.
Methods
For the model systems described above, Monte
Carlo simulations were used to calculate the
free energy as a function of the end-to-end dis-
tance of the polymer, λ, as measured along the
axis of the confining tube. In the case of the
star polymer, λ is defined as the distance of
the end of a selected arm to the core monomer.
The simulations employed the Metropolis algo-
rithm and the self-consistent histogram (SCH)
method.41 The SCH method efficiently calcu-
lates the equilibrium probability distribution
P(λ), and thus its corresponding free energy
function, F (λ) = −kBT lnP(λ). We have pre-
viously used this procedure to measure free en-
ergy functions in a study of polymer segrega-
tion,33 as well as in simulation studies of poly-
mer translocation.42–45
To implement the SCH method, we carry out
many independent simulations, each of which
employs a unique “window potential” of the
form:
Wi(λ) =


∞, λ < λmini
0, λmini < λ < λ
max
i
∞, λ > λmaxi
(1)
where λmini and λ
max
i are the limits that define
the range of λ for the i-th window. Within each
window of λ, a probability distribution pi(λ) is
calculated in the simulation. The window po-
tential width, ∆λ ≡ λmaxi −λmini , is chosen to be
sufficiently small that the variation in F does
not exceed a few kBT . The windows are cho-
sen to overlap with half of the adjacent window,
such that λmaxi = λ
min
i+2. The window width was
typically ∆λ = 2σ. The SCH algorithm was
employed to reconstruct the unbiased distribu-
tion, P(λ) from the pi(λ) histograms. For fur-
ther detail of the histogram reconstruction al-
gorithm, see Ref. 41.
Polymer configurations were generated
by carrying out single-monomer moves us-
ing a combination of translational displace-
ments and crankshaft rotations. Trial
moves were accepted with a probability
pacc=min(1, e
−∆E/kBT ), where ∆E is the energy
difference between trial and current states. For
simulations of semiflexible chains, reptation
moves were also employed. Initial polymer
configurations were generated such that λ was
within the allowed range for a given window po-
tential. Prior to data sampling, the system was
equilibrated. As an illustration, for a N=500
polymer chain, the system was equilibrated for
typically ∼ 107 MC cycles, following which a
production run of ∼ 108 MC cycles was carried
out. On average, during each MC cycle a dis-
placement or rotation move for each monomer,
as well as one reptation move, is attempted
once.
In the results presented below, quantities of
length are measured in units of σ and energy
in units of kBT . In addition, the free energy
functions obtained from F (λ) = −kBT lnP(λ)
are shifted such that F=0 at the minimum in
all plots of F vs λ.
Results
Figure 2 shows free energy functions for a fully-
flexible linear polymer of length N=500 under
cylindrical confinement. Results are shown for
a variety of tube diameters. By symmetry, the
curves all satisfy F (−λ) = F (λ), though the
figure only shows a narrow range of negative
λ. Each curve has a single free energy mini-
mum corresponding to the most probable lon-
gitudinal end-to-end distance, which is roughly
a measure of the average extension length of the
polymer along the tube. As expected, the lo-
cation of the free energy minimum, λmin, shifts
to higher λ as D decreases. For λ > λmin, F
rises steeply with increasing λ due to the re-
duction in conformational entropy associated
with stretched conformations. In the regime
λ < λmin, the increase in F with decreasing
λ gradually becomes linear. This is evident
in Fig. 2(b), which shows the variation of the
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derivative dF/dλ with λ/λmin, calculated us-
ing the functions in Fig. 2(a). As λ decreases,
dF/dλ approaches a constant. The magnitude
of dF/dλ in this regime increases with deceas-
ing confinement tube diameter, D, and conse-
quently the height of the free energy barrier,
∆F ≡ F (0)−F (λmin), does as well. This linear
regime corresponds to the case of intramolec-
ular overlap, which is illustrated in Fig. 1(a).
As λ decreases and the two end-monomers are
brought closer together, portions of the poly-
mer are forced to overlap. This may occur with
a single backfold, as illustrated in Fig. 1(a), or
with two backfolds. The degree of overlap in-
creases as λ decreases, leading to a reduction
in conformational entropy and a corresponding
increase in F .
The observed trends in the free energy func-
tions can be interpreted using a scaling theory
developed by Milchev et al.36 In that study,
an expression was derived for the free energy
function of a single chain in a tube and the
predictions were used to interpret results for
simulations of a confined three-arm star poly-
mer. The theory employed a free energy func-
tion constructed from two terms, one account-
ing for compression that uses scaling behavior
in the semi-dilute regime, and another term
of Pincus form that accounts for stretching.
Using this functional form in cases with and
without a backfold and optimizing the free en-
ergy, they predict a transition from a state of
uniform compression or expansion about the
free energy minimum and a backfolded regime
to lie at λ=0.779λmin (using the notation of
the present study). However, in Fig 2(b),
we observe instead a gradual transition be-
tween the backfolded regime the uniformly ex-
panded/compressed regime, with the predicted
transition point (labeled with a vertical dashed
line in th figure) only roughly marking the re-
gion of the transition.
Other tests of the accuracy of the theory
of Ref. 36 can be made using the simulation
results. One such test is the scaling of the
entropic force in the backfolded regime. In
this regime, it was shown that the variation
of the free energy with end-to-end distance is
F (λ) = F0(2
1/2ν − pλ/λmin), where p ≈ 0.91
0.2 0.4 0.6 0.8 1
λ / λ
min
-0.3
-0.2
-0.1
0
f
0 50 100 150 200
λ
0
10
20
30
40
F
D = 7
D = 9
D = 11
D = 13
D = 15
D = 17
D = 19
(a)
(b)
Figure 2: (a) Free energy functions for a flexible
polymer of length N = 500 confined to a cylin-
der of diameter D. The curves show the free
energy F as a function of the monomer end
distance λ along the cylindrical axis. Results
for several cylindrical diameters are shown. (b)
Derivative of the free energy, dF/dλ, vs end-
monomer separation λ as a function of scaled
λ. The results correspond to the data shown
in (a). The vertical line marks the transition
between the folded and non-folded regimes pre-
dicted by the theory of Ref. 36.
for a Flory exponent of ν ≈ 0.588, and where
F0 ∼ ND−1/ν is the polymer free energy and
λmin ∼ ND1−1/ν is the equilibrium extension
of the polymer, both obtained from free energy
minimization with respect to λ. (See Eqs. (2),
(3) and (8) in Ref. 36, and note the change in
notation to match that used here.) Note that
the scaling for F0 and λmin is identical to that
predicted from the de Gennes blob model for
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the free energy energy and extension lengths
of a polymer in a tube. From this relation for
F (λ), it can be easily shown that the entropic
force, defined as the magnitude of the deriva-
tive of the free energy, f ≡ |dF/dλ|, is constant
with respect to λ and scales as f ∼ N0D−1.
This prediction also follows from a straightfor-
ward application of the de Gennes blob picture
in conjunction with an approximation for over-
lapping confined chains that was suggested in
Ref. 24. As illustrated in Fig. 3(a) the non-
overlapping region is approximately of length
λ and is composed of nbl = λ/D blobs of
g ≈ D1/ν monomers. Likewise, in the overlap-
ping regime, the monomers may be viewed as
two strings of blobs of size D/
√
2, since they ef-
fectively occupy half the cross-sectional area of
the tube.24 Thus, each blob has g′ ≈ (D/√2)1/ν
monomers, and there are (N − (λ/D)/g)/g′ of
these smaller blobs present. Noting that each
blob contributes roughly kBT to F , it follows
that f ≡ |dF/dλ| ∼ N0D−1.
Figure 4 shows the variation of f with respect
to D calculated from linear fits of the free en-
ergy functions in the regime λ < 0.5λmin. Re-
sults for several chain lengths are shown. Con-
sistent with the prediction, there is no signifi-
cant dependence on N , and the data do satisfy
a power law scaling. However, a fit to the data
yields a scaling of f ∼ N0D−1.20±0.01. The fit-
ted curve and a curve for the predicted D−1
scaling are both overlaid on the data in figure,
and the comparison clearly illustrates that the
discrepancy of the prediction is significant. A
discrepancy of comparable magnitude was ob-
served for the scaling of the free energy gra-
dient in our previous study of entropy-driven
polymer segregation.33 In that case, the scaling
of the gradient in the free energy with respect
to the center-of-mass separation distance was
f ∼ ND−1.93±0.01, compared to the predicted
scaling of f ∼ ND−1.70. The physical origins
of that discrepancy are likely the same as those
for the single folded polymer, which will be dis-
cussed below.
In addition to the conformational free energy,
we also consider the variation of the mean ex-
tension length of the polymer, Lext, as a func-
tion of λ. Figure 5(a) shows results for N=500
(b)
I II III
λ
λ
(a)
Figure 3: Illustration of blob domains for (a)
a confined linear polymer with a backfold and
(b) a confined star polymer with one backfolded
arm.
5 7 10 2014
D
0.05
0.1
0.2
0.4
f
N=400
N=200
N=300
N=500
D-1.20
D-1
Figure 4: Variation of f ≡ |dF/dλ| with the
confining cylinder diameter D. Results are
shown for different polymer lengths N . Note
that f is calculated in the linear regime of
F (λ). The solid line shows the power law scal-
ing that yielded the best fit of the data, i.e.
f ∼ D−1.20±0.01. The dashed line shows the
prediction of the scaling theory of Ref. 36.
for various tube diameters, while Fig. 5(b)
shows results for various polymer lengths with
fixed tube diameter D=9. In each graph, the
inset shows the derivative dLext/dλ vs λ for each
data set. As expected, at sufficiently high λ, the
polymer is stretched relative to typical equilib-
rium conformations and Lext ≈ λ. This is evi-
dent from the overlapping curves for all N and
D and the limiting behavior of dLext/dλ → 1
at high λ. In the backfold regime at low λ, Lext
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is dependent on both N and D. However, inde-
pendent of N and D, the curves in this regime
are each linear and parallel with one another
with a derivative of dLext/dλ ≈ 0.27. The tran-
sition between the two regimes occurs in the
vicinity of λ ≈ λmin, which lies at lower λ for
higher D (as evident in Fig. 2(a)) and for lower
N .
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e
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(b)
Figure 5: (a) Extension length of the poly-
mer Lext vs end-monomer separation along the
cylinder axis λ for a polymer of length N = 500.
Results for several values of the cylinder diame-
terD are shown. The inset shows the derivative
dLext/dλ vs λ. (b) As in (a), except with fixed
D=9 and for various N .
As for the case of the free energy, the behavior
of the extension length curves in the backfold
regime can be understood in the context of the
scaling theory of Ref. 36. In that case, it was
noted that length y of the overlapping portions
of the polymer satisfies y = 2(1−3ν)/2ν(λmin −
λ/0.779). Approximating Lext ≈ λ + y, it fol-
lows that dLext/dλ ≈ 0.18, where we use a Flory
exponent ν ≈ 0.588. Thus, the observed inde-
pendence of dLext/dλ with respect to N and
D is consistent with the prediction, though the
predicted value of the derivative is somewhat of
an underestimate.
To summarize, the scaling theory captures the
qualitative behavior and some of the quantita-
tive behavior of the free energy and extension
length functions. Unsurprisingly for systems of
this size, there are quantitative discrepancies.
Finite-size effects have been studied and quan-
tified in other studies of polymers confined to
narrow channels and suggest that results con-
sistent with blob model predictions emerge only
for diameters of D > 10.35 In the present case,
the extra crowding associated with backfolded
polymer decreases the effective size of D for
each overlapping strand, thus potentially am-
plifying the finite-size effect. This is also likely
a cause of the discrepancy between observed
and predicted scaling of the free energy gradi-
ent with respect to center-of-mass separation
for segregating polymers under cylindrical con-
finement observed in Ref. 33. Another possible
problem concerns the validity of the approxi-
mation suggested in Ref. 24 that overlapping
polymers can each be viewed as strings of blobs
of size D/
√
2, since they effectively occupy half
the cross-sectional area of the tube. In recent
work, we have carried out simulations to test
this assumption and find significant quantita-
tive discrepancies from this prediction.46 To-
gether with finite-size effects associated with
the de Gennes blob model, this factor likely con-
tributes to the observed inconsistency.
There is a third possible source for the dis-
crepancy, for which we now provide evidence
to show is not significant. It concerns a point
noted in Ref. 36 regarding the possible pres-
ence of two backfolds. The calculated free en-
ergy of the polymer depends on the end-to-end
distance, which determines the degree of poly-
mer overlap. However, configurations with two
backfolds with the same λ can produce the same
degree of polymer overlap, and it was suggested
that these additional configurations lead to log-
arithmic corrections to the prediction for free
energy. It is possible that this effect may con-
tribute to the discrepancies between our mea-
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surements and the predictions. To test this pos-
sibility, we have carried out a modified simula-
tion that imposes a single backfold (at most) on
the system for any given λ. To do this, we insert
a hard wall cap in the cylinder, at the center of
which a single monomer is fixed. During the
simulations, we carry out reptation moves in
addition to the regular MC trial moves so that
the sequence position of the monomer fixed to
the cap, m, can take a value from 1 to N . Em-
ploying the SCH method using m as the fluctu-
ating variable, we measure the free energy func-
tion F (m). Clearly, there can only be a single
backfold, located at the position of monomerm.
Furthermore, a given value of m corresponds to
a unique value of the degree of internal poly-
mer overlap along the tube. If the results ob-
tained using this model are closer to predictions
from the scaling theory, then this would provide
evidence that the previous discrepancies were
partially due to the presence of multiple back-
folds. In addition to helping resolve this ques-
tion, this calculation has the side benefit of clar-
ifying a particular issue in the context of the re-
lated process of polymer translocation. Specif-
ically, when a polymer translocates through a
nanopore in a barrier, the likelihood of initially
capturing the polymer from one of its ends or at
another point along the contour in a folded con-
figuration is expected to be affected by the de-
gree of polymer confinement prior to transloca-
tion. The present calculation provides a means
to quantify the likelihood for a given capture
position along the chain i.e. higher F (m) will
correspond to a lower likelihood of capture at
monomer m.47
Figure 6(a) shows the variation in the free
energy with the index of the monomer that is
tethered to the cap in the semi-infinite cylin-
der. Results for a polymer length of N=350
and several different tube diameters are shown.
As expected, F is greatest when m=N/2, in
which case the polymer subchains on either side
of the anchored monomer are of equal contour
length, leading to maximum overlap along the
tube. (Note that the extension lengths of the
subchains along the channel will differ slightly
in this case, as noted in Ref. 36, and thus a lit-
tle fewer than N/2 monomers of the longer sub-
chain will overlap with those of the other. This
leads to a slightly lower free energy maximum at
m=N/2 than would otherwise be the case.) As
them increases or decreases from this point, the
subchain lengths become increasingly unequal,
and the shorter subchain overlaps only partially
with the longer subchain. In turn, there is less
crowding for a greater number of monomers,
leading to a decrease in the free energy. For
sufficiently small D, the variation is linear over
most of each half of the curve, though the func-
tions tend to be slightly less linear with increas-
ing D.
0 100 200 300 400
m
0
10
20
30
40
50
F
D = 6
D = 8
D = 10
D = 12
D = 14
D = 16
D = 18
D = 20
D = ∞
5 7 10 14 20
D
0.02
0.05
0.1
0.2
dF
 / 
dm N = 150N = 200
N = 250
N = 300
N = 350
D-2.04
(a)
(b)
Figure 6: (a) Free energy vs monomer index m
for a flexible polymer confined to a cylinder of
diameter D and semi-infinite length. Monomer
m is fixed to a hard cap in the cylinder. Re-
sults are shown for a polymer of length N=350
for several different values of D. (b) Derivative
dF/dm vs tube diameter D. The derivative was
calculated from a fit to the free energy func-
tions in (a) in linear regime, as well as data for
other polymer lengths. The solid line is a fit of
the N=350 data to a power-law function, which
yielded a scaling of dF/dm ∼ D−2.04±0.02.
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To understand this effect, the blob model can
once again be used. For m < N/2, the shorter
subchain is of length m, while the longer sub-
chain is of length N−m. Clearly, the portion of
the subchain that overlaps the short subchain
is also of length m, and thus the remaining
(i.e. non-overlapping) portion of the longer sub-
chain is of length N − 2m. The confined poly-
mer system then can be viewed as two chains
of length m and one of length N − 2m with
a corresponding free energy of F (m)/kBT ∼
2m
(
D/
√
2
)−1/ν
+ (N − 2m)D−1/ν , from which
it follows, dF/dm ∝ N0D−1/ν = N0D−1.70. By
symmetry, the derivative is equal in magnitude
and opposite in sign for m > N/2. Thus, the
decrease in the derivative (and, therefore, the
free energy barrier height) is qualitatively con-
sistent with this prediction. Figure 6(b) shows
the variation in dF/dm with D for several dif-
ferent polymer lengths. Consistent with the
prediction, there is no dependence on N except
for small finite-size variations at large D. How-
ever, a fit to the data for N=350 yields a scal-
ing of dF/dm ∝ D−2.04±0.02, which represents a
significant discrepancy from the predicted scal-
ing. The magnitude of this discrepancy is es-
sentially the same as between the predicted and
observed scaling of the data in Fig. 4. We con-
clude that presence of two backfolds was not
the main source of this disagreement.
We now examine the behavior of a confined
star polymer. Figure 7 shows free energy func-
tions for a three-arm star polymer of arm-length
Narm=150 for several different values of D. In
this case λ is the longitudinal distance between
the core monomer and the end-monomer of a
single chosen arm. We consider values of Narm
and D with a sufficiently high free energy bar-
rier that neither of the other arms has an appre-
ciable chance of crossing while the chosen arm is
brought to the selected range of λ for each sim-
ulation used to calculate F (λ). The curves are
qualitatively similar to those of Fig. 2(a). As
before, there is a linear regime at sufficiently
low λ, in which the arm that defines λ is back-
folded. One notable difference from the results
for the linear polymer is the presence of two free
energy minima separated by a small barrier.
This feature has an origin similar to the be-
havior observed in Ref. 36 for two overlapping
polymers confined to a cylinder and both teth-
ered to a cap at one end. In that case, the lowest
free energy state corresponds to that of slightly
different elongation lengths for the polymers,
with a small barrier located at equal extension
length separating states where the roles of com-
pressed and elongated polymers are exchanged.
In the present case, the two arms of the star
polymer connected to the core monomer play
the same role, giving rise to the same effect.
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Figure 7: Free energy F vs distance λ between
an end-monomer and the core monomer along
the cylinder axis λ for a three-arm star polymer.
Results are shown for an arm length Narm = 150
for several values of the cylinder diameter D.
The inset shows the derivative f ≡ |dF/dλ| in
the linear domain at low λ vs tube diameter D
for systems with Narm=150 and Narm=100. The
solid lines are power-law fits to each data set,
which yielded a scaling of f ∼ D−1.35±0.01 for
Narm=100 and f ∼ D−1.31±0.01 for Narm=150.
The free energy gradient f for the linear por-
tion of the free energy function is plotted as a
function of D in the inset of the figure. Re-
sults are shown for arm lengths of Narm=100
and 150. There is a slight dependence of f on
the arm length, with slightly larger values of
f for the greater Narm. Fitting the results to a
power law yields a scaling of f ∼ D−1.35±0.01 for
Narm=100 and f ∼ D−1.31±0.01 for Narm=150.
In principle, these results can be understood
using a simple scaling analysis employing the
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de Gennes blob model. Consider the case where
two arms lie on one side of the core monomer,
one of which is the arm selected to define λ. If
this arm has a backfold (while the other does
not), then there are three distinct regimes for
these two arms along the cylinder, which are la-
beled in Fig. 3(b). In regime I, the overlapping
polymer arms can be viewed as two strings of
blobs, each effectively occupying half the cross
sectional area of the tube. Following the ap-
proach taken in Ref. 24, the blobs can be viewed
as being confined to a tube of effective diame-
ter D/
√
2. The span of this regime is approx-
imately λ. Likewise, in regime II where the
backfolded chain lies, the polymer subchains
can be viewed as three strings of blobs of ef-
fective diameter D/
√
3. Finally, in regime III,
there is only one string of blobs for the stretched
arm, each of diameter D. Varying λ will change
the number of blobs in each regime, each of
which contributes on the order of kBT to the
free energy. Varying λ does not affect the num-
ber of blobs for the arm on the other side of
the core. Following the same approach used
earlier to derive the scaling for the backfolded
linear polymer, it can easily be shown that the
predicted scaling is f ∼ N0armD−1. The poor
agreement with the measured scaling is not sur-
prising here. In part, it is due to the very small
values of D used here, for which the blob model
is expected to be inaccurate. In addition and
as noted above, the approximation of Ref. 24
employed here has also been shown to suffer
quantitative inaccuracies.46 It is expected that
the scaling will improve for larger values of D
and Narm. However, such calculations are not
computationally feasible for us at present.
Let us now turn to the folding behavior of
longitudinally confined semiflexible polymers in
the classic Odijk regime. Figure 8 shows free
energy functions for semiflexible polymers of
length N=400 in a tube of diameter D=6.
Results are shown for several different val-
ues of persistence length P with P/D ≥ 3,
thus marginally satisfying the conditions for the
Odijk regime. The functions have a form that is
qualitatively different from those for the flexi-
ble chains shown in Fig. 2(a). In this case there
are two distinct regimes, one corresponding to
a deep free energy well at high λ, and a sec-
ond with a linear variation of F with λ over a
broad range of λ to the left of the well, with a
sharp boundary between the two. Similar re-
sults were observed for other values of N (data
not shown). As the chains stiffen, the position
of the free energy minimum shifts slightly to
higher λ, and its width narrows. Thus, the
polymers become more elongated and the fluc-
tuations in the extension length decrease, in ac-
cord with established results for confined semi-
flexible chains in the classic Odijk regime.14 The
increase in F as λ decreases from its value at the
minimum corresponds physically to the forma-
tion of a hairpin turn. The free energy cost of
forming the hairpin is dominated by the bend-
ing energy of the chain, but there is also a sig-
nificant entropic contribution as well.48,49 The
more gradual change in F in the linear regime
corresponds to the change in the degree of over-
lap of the stiff subchains. As λ decreases, the
overlap increases leading to a reduction in con-
formational entropy, thus increasing F .
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Figure 8: Free energy vs λ for a semiflexible
linear polymer of length N=400 in a cylindri-
cal tube of diameter D=6. Results for several
values of the persistence length P are shown.
Figure 9(a) shows f vs P for a fixed tube di-
ameter of D=6, while Fig. 9(b) shows f vs D
for a fixed persistence length of P=29.5. In
each case, results for several polymer lengths
are shown. No clear dependence on N is evi-
dent. The derivatives were calculated from fits
to curves such as those in Fig. 8 for the lin-
ear regime, where a single hairpin turn was
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present and there was partial intrapolymer
overlap. Fits to the data suggest a scaling of
f ∼ N0P−αD−β, where α = 0.37 ± 0.01 and
β = 1.72± 0.02.
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Figure 9: (a) Free energy gradient f ≡ |dF/dλ|
in the linear overlap regime vs persistence
length P for a semi-flexible linear polymer in
a cylinder of diameter D=6. Results for several
polymer lengths are shown. The solid line is a
fit to all of the data. (b) f in the linear overlap
regime vs tube diameter for a semi-flexible poly-
mer of persistence length P=29.5. The solid
line is a fit to all of the data.
A simple explanation for the scaling behav-
ior of f follows from using arguments similar to
those employed by Odijk in a theoretical study
of backfolding regimes of DNA in nanochan-
nels.10 Recall that the confinement free energy
of a single semiflexible chain in this regime is
given by F1(L) ∼ kBTL/ldef , where L is the
contour length of the polymer and the total
Odijk deflection length satisfies ldef ≈ D2/3P 1/3.
The confinement free energy of a backfolded
chain can be approximated Fc = F1(L − h) +
Fh+Fint, where the h is the length of the hairpin
fold, F1(L− h) is the Odijk free energy for the
two subchains outside the fold, Fint is the inter-
action between the strands and Fh is the free
energy of the hairpin. In the regime of interest,
only Fint depends on λ, so we neglect the other
two terms. To estimate Fint, we use an approx-
imation for the free energy of a system of long,
hard rigid rods. For that system, the interac-
tion free energy in the 2nd virial approximation
is given by F (int)/kBT = (l
2σN2/V )〈| sin γ|〉 for
N rods of length l and diameter σ confined
to a volume V , where γ is the angle between
the rods.50 When the rods are highly aligned,
〈| sin γ|〉 ∼
√
〈θ2〉, where θ is the angle between
the rod and the alignment direction. To apply
these results to the present system, we treat
each deflection length ld as a rigid rod and sub-
stitute l → ld ∼ D2/3P 1/3. In addition, we as-
sume that the alignment arises principally from
confinement, such that 〈θ2〉 ∼ (D/ld)2. Fur-
ther, we note that V is the volume over which
the intermolecular segments overlap. This is
given by V ∼ lovD2, where the overlap region
is lov ≈ (L − h − λ)/2. Finally, replacing N
with the number of deflection lengths of the two
overlapping segments, N → 2lov/ldef , it can be
shown that F ∼ (L − h − λ)D−5/3P−1/3 plus
terms independent of λ. Thus, we predict that
f ≡ |dF/dλ| ∼ N0D−βP−α, where β = 5/3
and α = 1/3. These predictions are close to
the measured values of β = 1.72 ± 0.02 and
α = 0.37 ± 0.01. The small quantitative dis-
crepancy may arise from the fact that the sys-
tem only just marginally satisfies the condition
defining the Odijk regime that P ≫ D, as well
as from other approximations that have been
employed. By comparison, in our related previ-
ous study of the segregation of overlapping con-
fined semiflexible chains, the scaling exponents
for the free energy gradient were measured to be
β ≈ 2 and α ≈ 0.37.33 The larger discrepancy
for the scaling with respect toD in that study is
likely due to the narrower tube diameters con-
sidered, i.e. 2 ≤ D ≤ 5, in contrast to the range
here of 5 ≤ D ≤ 7. In the present study, the
wider tubes correspond to lower packing frac-
tion, for which the second virial approximation
is better suited to describe interactions between
the chain segments.
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We now consider the deep wells in the free
energy functions. As noted earlier, the wells
are associated with the formation of hairpin
turns of confined semiflexible polymers. Fig-
ure 10 shows the dependence of the free energy
well depth on the polymer persistence length for
various polymer lengths. As expected, there is
no significant dependence of ∆Fw on the poly-
mer length, since the well depth is a measure
of the free energy required to form a hairpin
turn. Over the range of P considered here, we
note that ∆Fw increases roughly linearly with
P . Overlaid on the data are two theoretical
predictions. The first is that for a mechanical
model developed by Odijk.10,48 In that work, it
was noted that the effects of entropic depletion
on the hairpin make an appreciable contribu-
tion to the hairpin free energy in addition to
the bending energy. A more recent and far more
rigorous theoretical analysis by Chen49 used the
Green’s function formalism to determine the
hairpin free energy and the global persistence
length. Results obtained using the latter were
found to be consistent with the simulation re-
sults of Muralidhar and Dorfman in their study
of the backfolded Odijk regime.37 An analyti-
cal representation to Chen’s numerical solution
for the hairpin free energy, Fhp, is shown in the
figure. It is qualitatively similar to Odijk’s pre-
diction, though with somewhat lower values of
∆Fw. This arises from the failure of Odijk’s
theory to account for the orientational entropy
of the hairpin planes.49 (Note that the calcula-
tions for the Odijk predictions were carried out
using a correction to an error that was noted by
Chen.49) As evident in the figure, the predic-
tions of Chen are much closer to the simulation
data than that of Odijk. There appears to be a
very slight overestimate of ∆Fw by an amount
. kBT . This effect may be due to discretiza-
tion of the polymer and may also be associated
with the small fluctuating bond length used in
our model, neither of which are present in the
theoretical model employed in Ref. 49.
We turn finally to a brief look at the behav-
ior of S-loop configurations in nanotubes. The
structure of such a formation is illustrated in
Fig. 1(d). In order to prevent the formation
of single hairpin turns, the polymer ends are
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Figure 10: (a) Free energy well depth ∆Fw
vs persistence length P for a tube diameter of
D=6. Results for various polymer lengths are
shown. The dashed and solid lines are the hair-
pin turn free energy values predicted by Odijk
in Ref. 48 and by Chen in Ref. 49, respectively.
(b) As in (a), except ∆Fw vs tube diameter D
for persistence length P=29.5.
tethered perpendicular to the centers of virtual
caps. Note that this has the effect of signifi-
cantly reducing the conformational freedom of
the polymer near the ends, which in turn will af-
fect results, especially for short polymers. Fig-
ure 11 shows free energy functions for a lin-
ear semiflexible polymer chain with such con-
straints imposed its the ends. Since single hair-
pins are precluded, the polymer forms an S-loop
composed of two hairpin turns as the end-to-
end distance λ decreases. The functions are
qualitatively similar to those for polymers with
a single hairpin turn in Fig. 8. In this case,
the linear regime at lower λ corresponds to end
separations where the S-loop is present. As λ
decreases and the ends approach each other, the
overlap region of the loop increases and confor-
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mational entropy decreases, leading to an in-
crease in F . The depth of the free energy well
located at high λ corresponds roughly to the
free energy cost of forming the S-loop.
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Figure 11: Free energy vs λ for a semi-flexible
cylindrically confined linear polymer with an S-
loop. Results are shown for a polymer of length
N=400, persistence length P=24.5 and for sev-
eral values of the tube diameter D.
Figure 12(a) shows the variation of f with P
in the linear regime for D=4, while Fig. 12(b)
shows f with D for P=24.5. In each case, re-
sults for N=200 and N=400 are shown. As in
the case of the results for a single hairpin turn,
there is no significant dependence on the poly-
mer length. A fit to all of the data suggests a
scaling of f ∼ D−βP−α, where α=1.91 ± 0.03
and β=0.36± 0.01.
To interpret these scaling results, we employ
the same theoretical approach as that used for
the single-hairpin data. In this case, we note
that the overlap volume V ∼ lovD2 has an over-
lap length lov ≈ (L − 2h − λ)/2, where L is
the polymer contour length and h is the length
of each hairpin. In addition, since there are
three polymer segments in the overlap region
rather than two in the case of the single hairpin,
there are 3lov/ldef deflection lengths in the over-
lap region, in contrast to 2lov/ldef for the single
hairpin. Otherwise, the analysis is identical,
leading to the same predicted scaling exponents
of α=1/3 and β=5/3. In addition, we expect
that the ratio of the derivatives for the S-loop
and single hairpin is fS/fhp = (3/2)
2 = 2.25.
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Figure 12: (a) f ≡ |dF/dλ| in the S-loop regime
vs persistence length P for a cylindrically con-
fined semi-flexible linear polymer. Results are
shown for a confinement tube of diameter D=4
and polymer lengths of N=200 and N=400.
The solid line is a fit to both data sets. (b)
f in the S-loop regime vs confinement tube di-
ameter D for a semi-flexible linear polymer of
persistence length P=24.5. Results for N=200
and N=400 are shown. The solid line is a fit to
both data sets.
The predicted scaling exponents are somewhat
less accurate for the S-loop that for the single-
hairpin. In addition, we find, for example, that
fS/fhp ≈ 3.1 at D=6 and P=24.5, which is
somewhat larger than the predicted value. The
discrepancies likely arise from multiple sources.
We note that for fixed D, the density of deflec-
tion segments is larger for the S-loop, perhaps
leading to a reduction in the accuracy of the
2nd virial approximation to describe excluded
volume interactions. Further, as noted above,
the reduction in orientational freedom of the
ends tethered to the virtual end caps likely af-
fect the results. Additional simulations using
13
much longer chains should clarify this matter,
but such calculations are not currently feasible.
Conclusions
In this study, we have used Monte Carlo simu-
lations to study the conformational free energy
F of folded polymers in cylindrical channels.
Specifically, the simulations were used to mea-
sure the variation of F with respect to the end-
to-end distance λ, which determines the degree
of internal overlap along the tube. The gradi-
ent in the free energy, f ≡ |dF/dλ|, is the effec-
tive force that drives unfolding toward the poly-
mer’s equilibrium state and thus is essential for
a meaningful analysis of unfolding kinetics mea-
surements in experiments and simulations. The
main goal of this work was to compare the scal-
ing properties of f with predictions from scal-
ing arguments. For fully-flexible chains, we find
that the gradient scaling of f ∼ N0D−1.20±0.01,
for chains of up to N=500 monomers and cylin-
der diameters ofD=3−18, in units of monomer
diameter. This differs appreciably from the
prediction f ∼ N0D−1, a discrepancy that is
likely due to finite-size effects and deficiencies in
the approximation used to account for overlap,
i.e. that overlapping polymer strands behave
as noninteracting polymers in effective tubes of
size D/
√
2.24 A similar and even greater dis-
crepancy was observed for the folding free en-
ergy for a single arm of a star polymer. The
transition from a uniformly compressed lin-
early ordered polymer to a backfolded polymer
was found to be gradual, in contrast to a re-
cent theoretical prediction. In the case of con-
fined semiflexible polymers in the classic Odijk
regime, we find a free energy gradient scaling
of f ∼ N0D−1.72±0.02P−0.37±0.01, which is close
to the prediction f ∼ N0D−5/3P−1/3 obtained
by treating interactions between deflection seg-
ments at the 2nd virial level. In the case of
S-loops, the agreement was somewhat poorer,
perhaps due to the higher segment density in
the overlap regime and a resulting breakdown
in the 2nd virial approximation. Finally, we
note that the measured free energy of a hairpin
turn was quantitatively consistent with a recent
theoretical prediction.49
The work carried out in this study can be ex-
tended in various directions. One straightfor-
ward and useful extension is an examination of
other channel shapes. Although the conforma-
tional behavior of polymers confined to cylindri-
cal channels has been the subject of a number of
theoretical studies, understanding the effects of
confinement in rectangular channels tends to be
more directly relevant to experimental studies.
Recent studies employing square or rectangu-
lar channels using computer simulation37,38 and
scaling theories51 have highlighted the impor-
tance of the channel shape and size on polymer
scaling regimes. In the future, it will be useful
to employ the methods of the present study to
characterize the free energy functions for folded
polymers in such channels. Among other points
of interest, it is expected that the entropic con-
tributions to the hairpin free energy of semiflex-
ible polymers will differ appreciably from that
for cylindrical channels. Another useful exten-
sion would be an examination the free energy
functions in the case of P ∼ D. Here, the cal-
culations could be used to quantify the degree
of validity of the assumed form of the inter-
action between overlapping polymer subchains
employed in the theory of the backfolded Odijk
regime, as well as extend range of verification
of Chen’s prediction of the hairpin free energy.
Finally, it would be useful to carry out molecu-
lar dynamics simulations to examine the ability
of employing the entropic force obtained from
the free energy functions to accurately describe
the kinetics of unfolding.
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